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VI. ERROR ANALYSIS

A. INTRODUCTION

In Chapters IV and V, all model results were presented as
deterministic solutions using values of model inputs either
estimated from data or determined during calibration. There is
a great deal of uncertainty associated with these values of
model inputs, primarily due to the limited amount of available
data and information specific to the Bush River. One approach
for assessing the effects of uncertainties in model inputs on
model predictions is to run the model with altered values of
each input of interest. Typically, these altered values are
some percentage of the values determined during calibration.

By comparing model results for the different runs using cali-
brated and altered values, the sensitivity of model predictions
to a particular input can be determined. This approach was
used in Chapter V to assess the sensitivity of model results to
variations in tributary and seaward boundary nutrient inputs.
In this chapter, we use a different approach, called Monte
Carlo error analysis, for assessing the sensitivity of model
nredictions to uncertainties in model parameters.

Error analysis involves determining how uncertainties in
model parameters propagate through the model and how these
uncertainties affect the variability of model predicticons. Two
types of information on model variability can be obtained from
an error analysis. First, error analysis allows the variability
of model results due to parameter uncertainty to be quantified
and presented in stochastic terms (e.g., mean + standard devia-
tion). Second, error analysis allows the ranking of parameters
by their importance in causing variability in model predictions;
thus, if a reduction in the variability of model predictions is
desired, the parameters for which more precise estimates would
result in the greatest reduction are Known.

As opposed to the approach of varying inputs one-at-a-time
by fixed percentages (commonly called sensitivity analysis),
error analysis allows for parameters to be varied simultaneously.
When examining how uncertainties in parameters translate into
variability in model predictions, it is important that parameters
be varied simultaneously. In complex, non-linear models, it is
likely that the effects of altered parameter values on model
behavior depend on the values assumed for other parameters (see
Rose 1986; Gardner et al, 1928l), Simply varying parameters
one-at-a-time would not allow accurate estimation of the
variability of model predictions.
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For some simple models, the variability of model results
due to variability in parameters can be solved for analytically
(e.g., Reckhow 1983)., This is not the case for the Bush
River model due to its complexity, so empirical (Monte Carlo)
methods must be used instead.

B. MONTE CARLO ERROR ANALYSIS

General Approach

Monte Carlo error analysis involves specifying a probabil-
ity distribution for each parameter. Values are sampled from
each probability distribution, and the model is run with these
values. This is repeated many times so that the variability of
model results {(as measured by estimates of standard deviations
or probability distributions) can be approximated at various
times in the simulation. 1In addition, at any point in time in
the simulation, the strength of the association between the
values used for each parameter in the Monte Carlo analysis and
generated values of model output variables indicates the rela-
tive importance of each parameter in controlling model varia-
bility. The premise is that if the values of a particular
parameter are closely associated with the values generated for
a model output variable, then that parameter is important in
controlling that output variable.

Monte Carlo analysis has only recently been applied to
water quality models (e.g., Scavia et al. 1981; Spear and
Hornberger 1983; Whitehead and Young 1979). Typically, in Monte
Carlo studies of ecological simulation models, approximately
250-1,000 model runs are made to ensure that parameter distribu-
tions are properly represented. This is especially important
for distributions with a mode (i.e., a single maximum) since
the probability of generating a value decreases with the dis-
tance of that value from the mode. For example, if only 50
values (rather than 500) were randomly selected from a normal
distribution, there is a good chance that all 50 values would
be close to the mean. By sampling the distribution many more
times, it is more likely that "outlier" wvalues will be included.
For a model as large and complex as the Bush River model, the
computer costs of making a sufficient number of model runs to
ensure distributions are properly represented is excessive
fe.g., 1,000 runs would reqguire approximately 10,000 CPU minutes
on a VAX 11/750). Therefore, we have used a stratified sampling
technique called Latin hypercube sampling (LHS) which ensures
that probability distributions are adequately represented but .
with a reduced number of model runs (see Rose 1986; McKay et al.
1979).
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Latin Hypercube Sampling

Latin hypercube sampling (LHS) is a stratified sampling
method useful for performing computationally efficient Monte
Carlo studies of large simulation models. Figure VI-1 depicts
a simple example of LHS for three parameters and six runs.

Each distribution is divided into equal area intervals, the
number of which corresponds to the number of model runs desired.
These intervals are then randomly assigned to model runs. For
each model run, each interval is randomly sampled. By strati-
fying each distribution, LHS ensures that the distributions are
properly represented with only a limited aumber of model runs
(i.e., outlier values appear with the proper frequency).

Application to the Bush River Model

Monte Carlo error analysis of parameter uncertainty in the
Bush River model using LHS involves specifying probability
distributions for 39 parameters. Parameters were assumed to
have uniform or normal distributions, depending on the degree
of confidence we had in their calibrated values. Normal dis-
tributions were used with parameters we had relatively high
confidence in since, with normal distributions, many generated
values are close to the mode of the distribution (i.e., the
mean). Uniform distributions were used with parameters we had
less confidence in since, with uniform distributions, generated
values are equally likely to be anywhere in the specified
range.

Table VI-1 shows the 39 model parameters included in the
error analysis, the means and standard deviations assumed for
normal distributions, and the ranges of values assumed for
uniform distributions. For normal distributions, means were
assumed equal to calibrated wvalues, and standard deviations
were specified such that the assumed range of values contained
95% of the area of the distribution (i.e., standard deviation =
0.5+ range/1.96). For parameters assigned uniform distribu-
tions {(except for temperature adjustment parameters, @), the
ranges of values defining the distributions were set to + 50%
of the calibrated values. Because temperature adjustment
parameters are constrained to be greater than 1.0, they were
varied + 50% of the amount of the calibrated value above 1.0
(i.e., ® + (& - 1.0) + 0.5).

Based on the level of confidence we had in calibrated
values of parameters, nine parameters were assigned normal dis-
tributions and the remaining 30 parameters were assumed to have
uniform distributions. The degree of confidence associated
with calibrated values of parameters was based on the author's
subjective judgment of how parameter values varied within their
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assumed ranges. Those parameters that were judged to be more
likely to be closer to the middle of their range, rather than
. to extreme values of their range, were assigned normal distri-
butions. These parameters tended to be based on known elemen-

tal ratios that do not vary greatly (CARCHL, DO2AMM, DO2CHL,
O2CAR) or were parameters commonly measured and used in water
gquality models (CHLKE, KGRMX, KRESP, KSOD, XIOPT}. The remain-
ing 30 parameters were assigned uniform distributions to reflect

. our uncertainty of how values of these parameters varied within
their ranges.

Using the distributions defined in Table VI-1, Monte Carlo
simulations were performed:

‘ ¢ Using values of model inputs corresponding to the 1984
calibration run

® Using values of model inputs corresponding to the 1984
calibration run, except with 5X the combined nutrient
loadings from Sod Run WWTP and a 4-unit Perryman Plant

1‘ (Constituent Loadings Level III)

® Using values of model inputs corresponding to the 1984
calibration run, except with narrower ranges assumed for
some or all parameters.

1b ' All Monte Carlo simulations were performed using an LHS of 50
runs. Chlorophyll-a and dissclved oxygen concentrations in
Junctions 5 and 7 were tabulated every 15 days between days 96
and 291 during each simulation.

Ranking of parameters according to their influence on
!b model variability was achieved by using the magnitudes of
Spearman Rank correlation coefficients and partial (Type II)
sums of squares (SAS, Inc. 1982) between parameters and
chlorophyll-a and dissolved oxygen concentrations in Junctions
5 and 7 at each of the 15 day intervals. A high value of
correlation or sum of squares between values of a parameter and
.I model constituent is assumed to indicate that the parameter
has a large influence on the constituent. Spearman Rank corre-
lation is a measure of the linear relationship between rank
transformed values of a parameter and model constituent without
consideration of the variation in constituent values explained
by any of the other parameters. By using rank transformed
.I values, Spearman Rank correlation thus measures the monotonic
association between the actual values of a parameter and con-
stituent. Partial (Type II) sum of squares is more restrictive
than Spearman Rank cqQrrelation. Partial (Type II) sum of
squares measures the linear association between a parameter and
model constituent, after accounting for the variation in the
~D values of the constituent explained by all of the other parame-
ters. Spearman Rank correlation is a liberal measure of the
amount of variation of a constituent attributable to a

‘ VI-5
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